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Integral Equations 0378-620%X/89/050615-17$1.50+0.20/0

and Operator Theory (c) 1989 Birkhiuser Verlag, Basel
Vol. 12 (1989)

DEFINITIZABLE EXTENSIONS OF POSITIVE
SYMMETRIC OPERATORS IN A KREIN SPACE

Branko éurgus

The Friedrichs extension and the Krein extension of a
positive operator in a Krein space are characterized in terms of
their spectral functions in a Krein space.

INTRODUCTION

In the fundamental paper [Kr], M. G. Krein developed
the theory of selfadjoint extensions of semibounded symmetric
(densely defined) operators in a Hilbert space. In particular he
constructed all positive selfadjoint extensions of a given posi-
tive symmetric operator and he proved among other things that if
the set of all positive selfadjoint operators is equipped with a
natural partial ordering (as defined in [Ka, VI-§2.5]) then a
greatest and a smallest positive selfadjoint extension exist. 1In
[Kr] the greatest extension is called "hard" and it was shown to
coincide with the Friedrichs extension. The smallest extension,
that is, the "soft" extension in the terminclogy of Krein, we
call the Krein extension (see [AS]). This theory was completed
by Birman [Bi] and Vishik [V], and was also discussed in [AN],
[F], [AS], [S]. A similar problem for positive symmetric sub-
spaces (multivalued operators) was studied in [CS].

In this note we consider definitizable extensions of a
given semibounded symmetric operator in a Krein space. Positive
definitizable extensions of a positive operator in a Krein space

were first studied in [L1] in order to describe all the general-
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ized resolvents of a positive operator with equal and finite de-
fect numbers. In Section 2, a characterization of the Friedrichs
and the Krein extensions in a Krein space is formulated in terms
of their spectral functions. These results are analogous to the
results of Xrein which we quote in the first section of this
note. The characterization of the form domain of a definitizable
operator, stated in Section 3, can be used in order to prove
uniform convergence of eigenfunction expansions associated with
ordinary differential operators having an indefinite weight
function. These results will be published elsewhere. An equiva-
lent description of the form domain of a positive definitizable
operator appears in [JL, Proposition 3.1].

The author is indebted to Professor Heinz Langer for

helpful suggestions and continual interest in this work.
1. PRELIMINARIES

Let (H,{(.,.)) be a Hilbert space with the norm [f£|
= (f,f)l/2 (f ¢ H) . All operators which we consider in this
note are supposed to be linear and densely defined. We denote by

D(S) the domain of S , by R(S) the range of S , i.e., R(S)
*

= S(D(S)) , and by S the adjoint of S in (H,(.,.)) . An
operator S 1is called symmetric (selfadjoint) in (H,(.,.)) if
s o s* (8 = s* , resp.). A closed symmetric operator S is
said to be bounded from below in (H,(.,.)) Aif

(SE,f) = a(f,f) (f € D(8))

for some a € R . The operator S 1is called positive (strictly

positive) if o 20 (a > 0 , resp.).

Throughout this section we suppose that the operator S
is bounded from below in (H,(.,.)) .

Let D[S] be the domain of the closed symmetric form
constructed from the operator S in (H,(.,.)) . Recall that
D[{S] consists of all £ ¢ H for which there exists a sequence
(¢) = D(S) such that ¢, - £ in H and
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(S(¢n - ¢m)l¢n - ¢m) - 0 (n,m - +w)

(see [Ka, VI-§1.4]). For a selfadjoint operator S in the
Hilbert space (H,(.,.)) by D[S] < H we denote the completion
of D(S) with respect to the norm [(|s| + I)1/2. . For a

bounded from below selfadjoint operator S these two definitions
of D[S] coincide (see [C]). We have D[S] = D(|s|1/2)

By Sy we denote the Friedrichs extension of § in
(H,(.,.)) (see [Ka], [W]). From the definition of Sy it fol-
lows that D[Sp] = D[S] . Put N, = ker(s* - aI) for a e ¢ .
The next theorem follows from [Kr].

THEOREM 1.1. Let S, be a selfadjoint extension of
S and let F denote the spectral function of S, . [ZIhen the

following statements are equivalent:
(i) Sl = SF .
(ii) D(Sy) = D(s¥)nD[S]
(iii) D(Sq] = D[S] .

(iv) For some (and hence for all) a € Q(Sl) we have

i

N, ND[Sq] = (0} .

(v) or some (and hence for all) a € Q(Sl) and for

all ¢ € Ny we have

[ £ aFea,0) = +o .
R
In order to state an analogous theorem for the Krein

extension Sy of a positive operator S in (H,(.,.)) we de-
fine the closure R{[S] , of the range of S with respect to the
symmetric form constructed from S in (H,(.,.)) , to be the set
of all f € H for which there exists a sequence (¢p) © D(S)
such that 8¢, - £ in H and

(S(¢n - ¢m);¢n - ¢m) - 0 (n,m - +0)

LEMMA 1.2. If S is a positive selfadijoint operator
in (H,(.,.)) then R[S] = R(s1/2) .
PROOF. Let L be the closure of R(S) in H . Then
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the restriction S|L is a positive selfadjoint operator in the
Hilbert space (L,(.,.)) and zero is not an eigenvalue of S|L .
The operator (S]L)'l is defined on R(S) and D[(s|L)™1)
consists of all f € L for which there exists a sequence

(np) © R(S) such that 7y~ f in L (i.e. in H ) and

(st~ Lny ~ ) p - M) <+ O (n,m ~ +)

Let n, =S¢, , n=1,2,..., with some ¢, € LnD(S) . Then
S¢, - £ in H and (¢ - $p,5(¢y = ¢p)) = 0 (n,m ~» +x) . Hence
pr(5|L)~1] = R{S] . since D[(s[L)1] = p((s|{L) /%) = r(s1/?)

the lemma is proved.

The following theorem collects some results from [Kr]
and [AN].

THEOREM 1.3. Let S be a positive operator in

(H,(.,.)) and let S; be a positive selfadjoint extension of

S . Denote by F the spectral function of S; . The following

statements are equivalent:
(i) S; = Sg - (i) D(S1) = {f € H : Sf € R[S])
(ii) R(S7) = R(S*)nR[S] .
(iii) R[S7] = R[S]

(iv) For some (and hence for all) a e—:Q(Sl) we have

I

N NR[S;] = (0} .

(v) or some (and hence for all) a € Q(Sl) and for
all ¢ ¢ N, we have
[ 1/t aFes,0) = +o .
R
PROOF. The equivalence (i)<=>(iy) is Corollary 2 in
[AN]. The implication (i) =>(ii) is obvious. If we suppose
(ii), then we have ker(S;) = R(sqy) () = (R(s®)nr[s]) (L) =N, ,

where (1) denotes the orthogonal complement in the Hilbert
space. Now (i,) follows easily. From the definition of the set
R{S;] it follows that (ii) implies (iii). If we assume (1iii),
then R(S;)NR(S8*) = R[S] = R(Sg) . Let f € D(S;) and let

g € D(Sy) be such that §5,f = S5¢g . Then f - g € N, < D(Sg)
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It follows that f € D(Sg) . Hence D(S;) ¢ D(Sg) , and conse-
gquently Sq = Sg . Thus (iii) =>(i). The equivalence (iv)<=>(v)
is obvious and (i)<=>(v) 1is proved in Theorem 8 in [Kr] (see also
Theorem 4.1 in [S]) for a = -1

In order to prove that (iv) is equivalent to N_;nR[S,]
= {0} , we observe that we can suppose a # 0 in (iv). Other-
wise, if a =0, (iv) implies N, = {0} , and therefore S is
essentially selfadjoint. Our theorem is trivial in this case.
Further, observe that (iv) implies Ng < D(Sq) . Indeed,
N, © D(S*) = D(Sq) + N, and, hence, for f € N, we have
f=g+h, with g ¢ D(S1) , h e Ny . It follows that 0 = s*f
= S,9 + ah , i.e., S;9 = -ah € NynR(S;) = (0} . Since a # 0 ,
we have h = 0 . Thus f =g € D(S;) , it.e., Ny< D(8;) . Sup-
pose that (iv) holds and let £ € N_;jnR[S1] . Then f ¢ R(s™)
= R(Sy) + N, , i.e., f=u+ v, with u e R(S;) , Vv eNy; . It
follows that v = f - u € R[S;]nN, = {0} . Hence f = u € R(Sq)
Let f = Sqw , with w ¢ D(Sq) . Then S*f = - = -Sqw implies
f+we NyD(5y) . Thus £ € D(S;) . Since S;f = S*f = -f and
-1 ¢ Q(Sl) ;, it follows that f = 0 . The converse implication
can be proved in the same manner.

2. THE FRIEDRICHS AND THE KREIN EXTENSIONS IN A KREIN SPACE

Let (X,[.,.]) be a Krein space (see [Bo], [AI]), J
a fundamental symmetry on K , (f,g) = [Jf,g)] (f,g ¢ K) and |.]
the corresponding norm on the Hilbert space (XK, (.,.)) . All
topological notions in the Krein space K are understood with
respect to the topology generated by .| . This topology is
independent of the choice of the fundamental symmetry J . For
this and other facts about Krein spaces see [Bo] or [AI]. By at
we denote the adjoint of an operator A in the Krein space
(K,[.,.]) . If B=JA and S = AJ , then at = JgB* = 5*7 ,
where * denotes operator adjeints in the Hilbert space
((K,(.,.)) . An operator A 1is said to be symmetric (selfad-
joint) in the Krein space (K,[.,.]) 1if AcC At (A = AT,

resp.). A closed symmetric operator A is said to be bounded
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from below in a Krein space (K,[.,.]) 1if

[Af,£] 2 al£]? (f € D(A))

for some « € R . The operator A 1is called positive (strictly

positive) if a« 2 0 (o > 0 , resp.). Obviously, an operator A
has one of the above defined properties in the Krein space if and
only if the operators B = JA and S = AJ have the correspond-
ing property in the Hilbert space (X,(.,.)) . We use the common
definition of definitizable operators in a Krein space, see [I2].
A definitizable operator A in a Krein space has a spectral
function, possibly with critical points on the real axis (sece
[J], [L2], [AI]). The set of all critical points of the spectral
function, which are also called the critical points of the
definitizable operator A , will be denoted by c(A)

Throughout this note we suppose that the operator A
is bounded from below in the Krein space K . Hence the operator
JA = B is bounded from below in the Hilbert space (K, (.,.))
For such A we consider the set D[JA] defined in the Hilbert
space (K,(.,.)) . The set D[JA] is the domain of the closure
of the sesquilinear form [A.,.] and it does not depend on the
choice of the fundamental symmetry J (see [C]).

Let By be the Friedrichs extension of B = JA in the
Hilbert space (K,(.,.)) . The operator Ap := JBp 1is said to
be the Friedrichs extension of A in the Krein space K

By M, we denote the kernel of At - a1, a € ¢ .

The following theorem is analogous to Theorem 1.1.
THEOREM 2.1. Let A, be a definitizable extension of

A in (X,[.,.]) and let E denote the spectral function of

A; . Then the following statements are equivalent:
(i) Al = AF
(ii) p(A;) = p(at)nD[TA)

(iii) D[JA;] = D[JA] .

(iv) For some (and hence for all) a ¢ Q(Al) we have

M,nD[JA;] = {0)

(v)

)’Tl
[e]
)

some (and hence for all) a € Q(Al) and for
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1]
—

¢ € My wWe have

|j t A[Egd, 1] = +o .
ﬂw

Here 0, 1is an arbitrary closed neighborhood of « in R ,
such that 0unc(A;) € {©»} and R = RU{w) 1is regarded as the
one point compactification of R .

PROOF. The equivalences (i)<=>(ii)<=>(iii) follow from
Theorem 1.1. The equivalence (iv)<=>(v) follows from results of
Section 3. We prove (i)<=>(iv) now. Let a ¢ Q(AF) and
f € MynD[JAp]. Since M, < D(AY) and D[JA] = D[JAR] , (ii)

implies f € D(Ap) . It follows that £ = 0 . This proves (iv).
Suppose that (iv) holds and let £ € D(Ap) p(at) . since

a e Q(Al) we have D(A+) = D(A;) + My . Hence, there is a

g € D(Ay) such that f - g e M; . As D[JAgr] ¢ D[JA;] , we have
f - g € MynD[JA;] = (0} . Consequently, f =g € D(A;) . This
proves D(Ap) © D(A;) . Therefore A, = Ap , i.e., (iv) =>(i).

REMARK 2.2. It is easy to see that the definition of
the Friedrichs extension of A in the Krein space K does not

depend on the choice of the fundamental symmetry J . It is also
true that Ap = SpJ , where S = AJ and Sp 1is the Friedrichs
extension of S in the Hilbert space (K,(.,.)} . Indeed, JISgd
is a selfadjoint extension of JSJ = JA in (K,(.,.)) and

D[JSpJ] = JD[Sp] = JID[S] = D[JSJT] = D[JA]

Let A be a positive operator in the Krein space

(K,{.,-]) . Then the operator S = AJ is a positive operator
in the Hilbert space (K,(.,.)) . Denote by Sg the Krein
extension of S in (X,(.,.)) . The operator Ag = SxJ is a

positive selfadjoint extension of A in (K,[.,.]) and we call

it the Krein extension of A in the Krein space K .

In what follows we consider the set R[AJ] defined in
the Hilbert space (K,(.,.)) . The set R[AJ] consists of all
f € K for which there exists a sequence (¢5) © D(A) such that
Agp, - £ in K and

[A(¢n - ¢m)r¢n - ¢m] -+ 0 (n,m - +o) .,
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Hence R[AJ] is independent of the choice of J
REMARK 2.3. For the positive operator A in the Krein
space (K,[.,.]), the vector space R(A) with the inner product

<Af,Ag> := [Af,q] (f,9 € D(A))

is a pre-Hilbert space. This space is contained continuously in
K if and only if the operator A is bounded. In order to see

this, let L denote the closure of R(A) in K and consider

the selfadjoint positive operator P := AJ|L 1in the Hilbert

space (L,(.,.)) . The operator A is bounded in K if and

only if P is bounded in L . We have ker(P) = (0} and
<f,g> = <AJx,AJy> := [AJX,Jy] = (AJx,y) = (f,P'lg)

for f,g € R(A) = R(P) and x,y € L such that f = Px , g = Py.
The space (R(A),<.,.>} 1s contained continuously in (K, (.,.))
if and only if <f,f> > «(f,f) (f ¢ R(A)) for some a > 0 ,

i.e., 1f and only if
(£,P71£) 2 a(£,£f) (£ € R(A))

The last inequality holds if and only if P 1is bounded. In this
case the unique completion of (R(A),<.,.>) 1is the Hilbert space
(R[AJ],<.,.>) . It is easy to see that A coincides with the
adjoint of the inclusion of (R[AJ],<.,.>) in (X,[.,.]) . This
is an alternative proof of Theorem 1 in [dB] and the approach
given here might be extended to other cases considered in [dB].

THEOREM 2.4. Let A be a positive operator and let

A; be a pogitive definitizable extension of A in the Krein

space (K,[.,.]) . Denote by E the spectral function of A,
The following statements are equivalent:
(1) Aq = Ag . (i1) D(Aq) = (f € K : ATf ¢ R{AT]}
(ii) R(A;) = R(AY)nR[AT]

(iii) R[A,J] = R[AT)]

(iv) For some (and hence for all) a ¢ Q(Al) we have

M NR[AJ] = {0}
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Suppose that ker(A;) is orthogonally complemented in

(K,[.,.]) . Then the previous statements are equivalent to:

(v) For some (and hence for all) a ¢ Q(Al) and for
each ¢ € M, there exists g € {¢}U ker(A,) such that

[ 17t atees,g1 = +o .
R
PROOF. The equivalences (i)<=>(i;)<=>(ii)<=>(1iii)
follow from Theorem 1.3. The equivalence (iv)<=>(v) follows from

results of Section 3. We prove (i)<=>(iv) now. Let a e Q(AK)

and £ € M NR[ALT] . Since M, R(A+) and R[AJ] = R[AxJ] ,
(ii) implies f € R(Ag) . Let f = Axg , g € D(Ag) . Then

A*f = aAgg , i.e., f - ag € M, C D(Ag) . Hence f ¢ D(ag) and,
consequently f = 0 . This proves (iv). Suppose that (iv) holds
and let f € N_inR[S;] , where S; = AqJ . As in the proof of
Theorem 1.3, (iv) implies that M, < D(A;) . We have f ¢ R(S¥)
= R(A¥) and R(AT) = R(a;) + M, . Hence f =g + h , with

g € R(A1) , h e M, . It follows that f - g € MaNR[AT) = {0}
Consequently, £ = g € R(A;) = R(S7) . Let f = Squ , with

u e D(sy) . Then S¥f = -Sju, i.e., £+ u e N,C D(S;) . Thus
f € D(S;) and s5;f = -f . Therefore f =0 , i.e., N_jnNR(Sq]

= {0} . Theorem 1.3 yields S; = Sg , and (iv) => (i) is proved.

REMARK 2.5. It follows from Theorem 2.3 that the defi-
nition of the Krein extension of A in the Krein space K does
not depend on the special choice of the fundamental symmetry J
It is also true that Agx = JBg , where B = JA and By 1is the
Krein extension of B in the Hilbert space (K,(.,.)) . Indeed,
JIBgJ 1is a selfadjoint extension of JBJ = AJ in (K,(.,.)) and
R[JByJ] = JR[Bg] = JR[B] = JR[JA] = R[AJ]

REMARK 2.6. Suppose that for the operator A the form
[Af,g]) (f,9 € D(A)) has a finite number of negative squares,

R(A - zI) 1is closed for at least one z € ¢ and that A has a

finite defect m, (that is, there exists a selfadjoint extension
A, of A in (K,[.,.]) such that dim D(A,)/D(A) = mg
Then all selfadjoint extensions of A in (K,{[.,.]) are defini-

< 4o )

tizable. Particularly, if A 1is a strictly positive operator in
(K,[(.,-]) with a finite defect then all its selfadjoint exten-
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sions are definitizable. Moreover, each one of these selfadjoint
extensions has an orthogonally complemented kernel (see [CL,
Section 1.2]).

3. A CHARACTERIZATION OF D{JA] FOR A DEFINITIZABLE A

For a selfadjoint operator S 1in the Hilbert space
(4,(.,.)) we have D[S] = D(lSll/z) . Let F denocte the spec-
tral function of S . Then the set D[S] consists of all f € H

such that j |t|d(Ff,f) < +o . In Remark 3.3 and Theorem 3.4
R

of this section we give some analogous properties of the set
D[JA] with respect to the spectral function of a definitizable
operator A

Let A be a definitizable operator in a Krein space
(K,[.,.]) and let E dencte the spectral function of A . Let
Q, be a closed neighborhood of « in R such that gy nc(a)
< {o} . Denote by IL, the set of all f ¢ K such that

|[ £ areee, £1] < +o .
noo
It follows from the properties of the spectral function E that
the set L, 1is independent of the choice of the neighborhood
Qp -
PROPOSITION 3.1. Let A be a boundedly invertible
positive operator in the Krein space (K,[.,.]) . Then f ¢ D[JA]

if and only if f t d{Eyf,f] < 4o , i.e., D[JA] = L, -
R

PROOF. We first prove that J t d(Eyf,f] < +o for
R

all f € D[JA] . Since JA 1is a positive operator in the Hil-
bert space (K,(.,.)) , we have that £ € D[JA] 1if and only if
there exists a sequence (¢,) < D{A) such that ¢, - £ and

[A(¢n - ¢m)l¢n - ¢m] - 0 (n,m - +w) . (3'1)
Let n“ = (-u,u) for u e BT . Then we have

[A(¢n - ¢m)/¢n - ¢m] P4 [AE(QN)(¢n - ¢m)l¢n - ¢m]
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The relation (3.1) implies that for each &€ > 0 there exists a
natural number N(g) such that

[AE(QM)(¢n - ¢m)r¢n - ¢m] <€ (nm 2 N(g),p € R+)

As the operator AE(Q“) (k€ R+) is bounded, letting m - +o we

get
[AE(Q,) (¢n — £),¢pn - £] = & (n 2 N() , pu e B
With £<H> := E(Q,)f , u € BT , we have
[AE(Q,) (¢, = £H7) ¢y - £¥7] < ¢ (n 2 N(e), p € BY) . (3.2)
It is obvious that R(A) = K and ker(A) = {0} . Therefore

Theorem 6.1 (ii) in [L2] implies that g = f dEyg for all
R
g € D(A) . Therefore 1lim E(Qﬁ)g = 0 for all g € D(a)
00

c _ =
Here Du = R\Qﬂ . Hence

[Ag,E(Q7)g] » 0 (s > +® , g € D(A))

Since (¢,) < D(A) , for a fixed natural number
n, = N(g) , there exists pug = pg(ng,e) = Hg(e) such that
[A¢n E(Q)en ] < € (2 pole))

Together with (3.2) this implies

[A(¢n = £H7) e - £47] = [AE(Q]) (o - £97) ¢y - £°7]

+ [AE(y) (¢ = TH7), 0 - £547]
= [AE(nﬁ)¢nor¢no] + [AE(Q”)(¢nO— f)l¢no_ £]
< e+ e = 2 (b 2 pple))

It follows from the last inequality that
[A(ESH> - g<T>) , f<K> - £<T>] < 8¢ (B, 7T 2 pg(e)) - (3.3)

Since
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[A(f<l.l.> - f<T>)’f<p,> - f<T>] = f t d[Etf,f]
QN\QT
for 4 > 7 > 0 , the inequality (3.3) yields j t d[EE, £)
R

< +o . Hence we have proved that D[JA] © L, .

Before we continue the proof of Proposition 3.1, we

. observe that if J dE{g converges in K , then J dEyg = g
R R

Indeed, if we put h = J dE{g , then
R

A" lh = f t~1laEch = f t‘ldEt(f dE, g) = j t~laE,g = a7 1g
R R R R
Hence g = h
Now we prove that L,< D[JA] . TFor f € Ly , n 2 m ,

and with the notation introduced above, we have

[A(£SD>_p<m>) p<n>_p<m>; - j t d[E¢f,£] - 0 (n,m - +©) .(3.4)
On\Op
We note that (£<™”) © D(A) . Since we suppose that 0 € Q(A) ,
we have

[Ag,g] > [a"1"lgll? (g € D(A)) .

This inequality and (3.4) imply that (£<7”) is a Cauchy se-

quence with respect to the norm |[.| in X . It follows that

f dE.f converges in K . The preceding observation yields

R
j dE¢f = £, d.e., £ 5 £ (n - +) . (3.5)
R

The relations (3.4) and (3.5) imply that £ € D[JA] . The propo-

sition is proved.
REMARK 3.2. It follows from the last part of the proof
of Proposition 3.1 that

f 4B f = £ for all £ e D[JA] .
B
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This is an improvement of Theorem 6.1 (ii) in [L2] for the opera-
tor A with 0 € o) .

REMARK 3.3. The vector space D[JA] with the inner
product ((JA)l/z.,(JA)l/z.) is a Hilbert space and this inner
product coincides on D(A) with [A.,.] . For f € D[JA] and
the sequence (£f<P”) < D(a) , defined as in the proof of Proposi-
tion 3.1, the relations (3.4) and (3.5) imply that £f<7> - ¢
(n » +») in the Hilbert space D[JA] . Therefore, for every
f,g € D[JA] we have

f t d[E¢f,g] = lim f t d[E¢f, 9] = lim f t A[E £, g<P>]
B Q

n Q n
= lim [Af<D>,g<0>] = 1ig ((JA)1/2£<0> (ga)1/24<n>
n-w n-=wo
= ((38) /2, (38) 1/ 2g)

THEOREM 3.4. Let A be a definitizable operator.

D[JA] = Ly .

PROOF. Let 0, < R be a closed neighborhood of w
which does not contain zero and Qgnc(A) < {w} . Put K, :=
E(flx)K . Let J, be a fundamental symmetry on K which com-
mutes with E(Qy) - Then J,|K, 1is a fundamental symmetry on
Ky, - The restriction A4 := A|K, 1is a boundedly invertible
operator. If the operator A has a definitizing polynomial of
even degree, then (Ky,,|[.,.]]) 1is a Hilbert space and the
equality D[J A,] = L, follows easily.

If the operator A has a definitizing polynomial of

odd degree, than B3, 1is a boundedly invertible positive or

. . 1
negative operator in the Krein space (Ky,(.,-]) - By Ky we
denote the orthogonal complement of XK, in (K,[.,.]) . The

. L .
decomposition K = Ky[+]K, , reduces the operators Joh [ToA|

. . L.
and the restriction |J A||K, is a bounded operator. Here
|J0A| denotes the absolute value of the selfadjoint operator

Jo,A in the Hilbert space (K,[Jg.,.]) . The same decomposition
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reduces the operator (]J Al + 1)1/2  and we conclude that
D((|3oa] + DY/2) = Kg[+1D(|75a|/2)
It follows from [C, Remark 1.4] that
D[J,A] = D((|T,A| + I)/2) and D[JIAn] = D(|JoAx|/?)
Hence

1 .
D{JoA] = Kol[+]D[JpR0] - (3.6)
Proposition 3.1 implies that D[J,A,] consists of all f ¢ K
for which [J t A[E¢f,f]| < 40 . It follows from this and (3.6)
Q,

00
that D{J,A] consists of all f e€ K for which J t d(E¢f, )
Q

'cO
< +® . Since we have D[J,A] = D[JA] , the theorem is proved.

REMARK 3.5. Remark 3.2 and the equality (3.6) imply
that for every f € D[JA] we have

E(Qy) f = f dE. £ . (3.7)
n00
Note that if o 1is a regular critical point of the definitizable
operator A the equality (3.7) holds for every £ € K
If S 1is a positive selfadjoint operator in a Hilbert

space (H,(.,.)) , it follows from Lemma 1.2 that R[S] consists
of all f € H for which f 1/t d(F¢f,f) < +o . In the following
R

proposition we show an analogous property of R[AJ] with respect
to the spectral function E of the positive definitizable opera-
tor A

Denote by L, the set of all f € K such that

j 1/t d[E¢f,g] < +o for all g e {£}U ker(a)
B

PROPOSITION 3.6. Let

o

be a positive definitizable

operator in (K,[.,.]) and suppose that ker(A) 1is orthogonally
complemented in K . Then we have R[AJ] = L,

PROOF. Let L be the closure of R(A) in K . Then
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K = ker(a)[+]1L , (L,[.,.]) is a Krein space and A|L is a posi-
tive definitizable operator in L such that ker(A|L) = (0}

Let J, be a fundamental symmetry on L and let Q be the
orthogonal projector onto L in K . Obviously QE|L is a
spectral function of A|L and R[(A|L)Jg] = D[J,(A|L)"1) . 1t
follows from the properties of the spectral function of A|L
(see [L2, IT.3]) and Theorem 3.4 that R((AlL)JO] is the set of
all f € L for which

j 1/t d[Egf,£] < +o . (3.8)
R
The last set coincides with L, . 1Indeed, it is obvious that for

every f e L and g € ker(A} we have J 1/t d[E¢f,g9] = 0
R

Hence for f ¢ L the relation (3.8) yields f e L, . Conversely,
for f € Ly and for all g ¢ ker(A) we have

ot > |[ 1/t a(Bef,q1| = || 1/t ArBe(T - Q) f,q]]
R R

This implies that [(I - Q)f,g] = 0 for all g € ker(Aa)
f e L and (3.8) holds.

Since R[AJ] = R[(A|L)J,] , the proposition is proved.

The following proposition is an improvement of Theorem
6.1 (ii) in [L2] for the operator A with the orthogonally
complemented kernel.

PROPOSITION 3.7. Let A be as in Proposition 3.6.

, i.e.,

Then we have

£ = f dEyf (£ € D[JA]NR[AJ])
R
PROOF. It follows from Remark 3.2 and the properties

of the spectral function E that for a bounded positive operator
A in K such that Xker(A) = {0) we have f = J dE.f for all
R

f e R[AJ] . It is obvious that the same eguality holds true with
an orthogonally complemented Xker(A) . For an unbounded A and
f e R[AJ]ND[JA] put £, = E(Q1) , £, = £ - £, , K5 = E(2;)K and
Ko = E(BR\R7)K . Let J be a fundamental symmetry on K which
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commutes with E(0,) . Then £, € R[(A|RG) (T|K,)1 ,
fo € D[(J|Kyp) (A|Kyw)] and the preceding remark yields

fo = [ QBLE , £ = [ aBef
a2, ®\0,

The proposition follows from the last two equalities.
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