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BRANKO CURGUS and HARRY I. MILLER

NONMEASURABLE SETS AND PAIRS OF TRANSFINITE SEQUENCES*

(Accepted by the Department of Natural and Mathematica! Sciences at the Session on
21. V 1979. according to the reviews of Prof. M. Bajraktarevié¢ and Prof. V. Peri¢)

INTRODUCTION

Many proofs of the fact that there exist Lebesgue nonmeasurable subsets
of the real line are known. The oldest proof of this result is due to Vitali [4).
The coscts (under addition) of Q, the set of rational numbers, constitute a
partition of the linc into an uncountable family of disjoint sets, each congruent
to Q under translation, Vitali’s proof shows that V is nonmeasurable, if V is
a set having one and only onc element in common with cach of these cosets,

Another proof of the existence of a nonmeasurable set that is widely
quoted in text books, for example in Real Functions, by Goffman [2], makes
use of the fact that if § is a measurable subsct of the real line, then either S or
its complement has a nonempty perfect subset. The proof makes use of the
well-ordering theorem and the continuum hypothesis to construct two transfinite
sequences.

The proof mentioned in the first paragraph depended on ' group-theoretic
properties of Lebesgue measure and the proof in the sccond paragraph used
topological properties. Ulam [6], using purely sct-theoretic arguments showed
that a finite measure u defined for all subsets of a set X of power x, vanishes
identically if it is equal 10 2cro for every one element subset.

Pairs of transfinite sequences have been useful in many proofs in real
analysis, for example see C. A, Rodgers [S, pg. 74] or H. 1. Miller 3]
In this paper we use pairs of transfinile sequences to prove two thcorems. We
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will give a new proof of the existence of a nonmeasurable subset of the real
line and will show that if U is any uncountable subset ‘of a separable metric
space, then U contains an uncountable subset ¥ which has no uncountable
closed subsets.

RESULTS

S (0, I) is Lebesgue measurable (see [2]) if and only if, for every e <0,
there are open sets G and H, subsets of (0, I), such that GO S, H > C(S),
and m(G) + m(H) < 1 + &. Here C(S) denotes the complement of S relative
to (0, 1), i. e. C(S) = (0, N\S and m denotecs Lebesguc measure.

Theorem 1: There exists a set S, SC (0, 1), which is not Lebesgue
measurable. -

Proof: Let + denote the collection of pairs of open sets given by the
following formula:

T = {(G, H), G and H open subsets of (0, 1), m(G) 4+ m(H) <—3;-}

The set t© has ¢, the cardinal number of the continuum, elements. Using the
well-ordering theorem (every set can be well ordered) and the continuum
hypothesis (¢ = %,), ¥ can be written in the form

v = {(Gs, Ha); @ < Q},

where Q denotes the first uncountable ordinal.

We will use transfinite induction to construct two transfinite sequences
of real numbers, {X.Jaca and (Ya)s<a. Pick

xe€0 N ne@, xx&G, n&H, x3#n
This will not be possible in case G, = (0, /) or H,= (0, 1) (G, = H, = (0, 1)
is impossible as m (G, + m (8 < -%—). In this case pick
=2 ad »€@ N, n&H if G=(© I

or pick
y1=2 and x1€(0, 1), xlécl if H1= (0, 1)

Suppose for every B < «, where « < Q, we have chosen x5 and ys, in such
a way that:

D (s B<a\ DNy B<a]\(2) =0

2) (xu B<a\2DU(yes B<a)\{2DC (O, D)

3) for every B <a, either x5 € C(Gp) or yp € C(Hp).
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Here, as before, C(A) = (0, 1)\ A. Since either m (C(G)>0 or m(C(H))>0,
it follows that either C(G,) or C(H,) is an uncountable set. Morcover, the set

({xe; B < a}\ (2D U ({ys: B < 2}\(2))

is a countable set, as a < Q. This -insures that we can pick x,, ys, in such a
way that 1), 2) and 3) hold with the symbol <, feplaced cverywhere by the
symbol <. It follows, by transfinite induction, that we obtain two transfinite
sequences (XuJa<n and {Ye)s<n, such that 1), 2) and 3) hold for every a <.
Let
S = (x4 « < Q}\(2).
The fact that
(Yo « <QJ\{2} C C(S),

follows from 1) and 2); for if ye, = x& € (0, 1), for some a,, @, <, then

((xa: B<a]\ (DN {yss B<J\ (2D # T, Ma>merteran

Furthermore, 3) guarantecs that for every a < £, either

G.DS ot HyDC(S).

By the remarks proceeding the statement of Theorem 1 it follows that §
is nonmeasurable,

Theorem 2: If (X, d) is a separable metric space and U C X is an unco-
untable set, then there exists an uncountable set V, V C U, which does not
contain any uncountable closed sel.

Proof: Let 9 denote the collection of uncountable closed subsets of U, i.e.
U = {F C U; F closed and uncountable).

If 9 = @, then set ¥ = U and the proof is complete. If 9 # @, then,
by the separabilty of (X, d) and the Cantor-Bendixon theorem [5], it follows
that k(), the cardinal number of </, satisfies the equality k(%) = ¢,
where ¢ denotes the cardinal number of the continvum. If we assume the
continuum hypothesis (¢ == x,), we get k (%) = ;. Therefore, by the well-ordering
theorem, 9/ can be written in the form

U= (Fos a < Q)

where Q denotes the first uncountable ordinal number. We now proceed. by
transfinite induction to construct two transfinite sequences in X, [x,)s<co and
(¥aJa<a- Pick x;, 1 € F, such that x; # y,. Suppose that for every B < «,
where « < Q, we have chosen xp and yg in such a way that:
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) xp # X VoV (WBi<B:i<oa)
2) (g B<a)Nfym P<al=0.
The set
{xg; B<a) U (ym B<a}

is countable, as « < €2, so that there exists

Xas )’¢GF¢\((xB; p<°‘}U{}’BZ B<a})' Xy F Yao

as F, is an uncountable set. This insures that 1) and 2) hold with the symbol <,
replaced everywhere by the symbol <. It follows, by transfinite induction,
that we obtain two transfinite sequences {Xo)o<n and [Xu}acn, such that I)
and 2) hold for every a < (). Let

V={xg a <Q}.
The fact that ¥ is uncountable follows from 1) and 2) implies that
Vﬂ{ym; ¢<Ql=®,

which in turn implies that ¥ contains no uncountable closed set, as F,7 V(Y a < ).
V is clearly a subset of U. This completes the proof.

Remark 1: The proof of the Theorem 2 is essentially the same as the
proof of a theorem F. Bernstein. Bernstein’s theorem states that there exists a set
B of real numbers, such that both B and B, the complement of B, meet every
uncountable closed subset of the real linc (sce [4), pg 23.)

Remark 2: Theorem 2 is truc for any topological space having a coun-
table base.

Remark 3: Suppose that (X, 4) is a metric space and that the set of
uncountable closed subsets of X has cardinality ¢, the cardinal number of the
continuum. If (X, M, m) is a probability space with the properties:

a) the o-ficld M contains each open subset of X,

b) m is a regular measure (sce [1]) with respect to the topology indu-
ced by d,

¢) m({x])) = 0 for every x € X,

then by the argument in the proof of the Theorem 2 and the definition of a
regular measure, X (playing the role of U is uncountable by c)) contains a set
V, such that ¥ &M, i. e. V is- nonmeasurable. }

Remark 4: If A is Lebesgue measurable subset of the real line, then by
the regularity of the Lebesgue mecasure m, 4 contains an uncountable closed
set F if m(4) > 0. However Theorem 2 shows that if m (A4) = 0, then A4 necd
not contain an uncountable closed set F, cven if 4 is uncountable.
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CURGUS, B. i MILLER, H. I
NEIZMJERIVI SKUPOV1 1 PAROV]I TRANSFINITNIH NIZOVA

KRATAK SADRZAI

Parovi transfinitnih nizova koridteni su u mnogim dokazima u realnoj
analizi. U ovom radu upotrijebljeni su parovi transfinitnih nizova za dokaz
dva tcorema. Dat je novi dokaz egzistencije Lebesguevog neizmijerivog pod-
skupa realne prave i pokazano je da ako je U neprebrojiv podskup separabilnog
metri¢kog prostora tada U sadrii neprebrojiv podskup ¥ koji ne sadr}i nepre-
brojiv zatvoren skup.
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